We show that Resonant Inelastic X-ray scattering (RIXS) is sensitive to three-magnon excitations in cuprates. Even if it requires three electrons to simultaneously flip their spin, the RIXS tri-magnon scattering amplitude is not small. At the Cu L-edge its intensity is generally larger than the bimagnon one and at low transferred momentum even larger than the single-magnon intensity. At the copper M -edge the situation is yet more extreme: in this case three-magnon scattering is dominating over all other magnetic channels. 1,2 getting energy-sensitive enough to observe magnon excitations 3-8 -an experimental endeavor underpinned by theory 9-13 . RIXS is a photon in -photon out technique in which the energy of the incoming x-ray photon is tuned to an absorption edge of the material under study. By tuning to the copper L 3 -edge, for instance, the single-magnon dispersion in La 2 CuO 4 was recently mapped out and found to be in perfect agreement with the neutron scattering data 7 . At the Cu Kedge the RIXS process is indirect 14 and single-magnon scattering is forbidden. Instead, bi-magnon creation is allowed 9-11 and indeed observed 3 . In the latter case magnetic RIXS is thus complementary to optical Raman scattering, which also measures the bi-magnon, but at zero momentum transfer only 15 . Here we show that in addition to these rather familiar magnetic modes, RIXS also has the unique potential to examine properties of a virtually unexplored magnetic excitation that cannot be probed directly by any other technique: the tri-magnon. Tri-magnons are three-magnon states that have been identified as important and generic features of gapful, low-dimensional quantum spin systems 16 . Theoretically it has long been known that three reversed spins can form a tri-magnon boundstate [17] [18] [19] , but the spectroscopic means to directly create and probe such an excitation has been lacking so far. We find that in RIXS the tri-magnon scattering amplitude is not small, even if it requires three electrons to simultaneously flip their spin. At the Cu L-edge the three-magnon intensity is generally larger than the bimagnon one and at low transferred momentum q we find that it is even larger than single-magnon intensity. At the copper M -edge the situation is yet more extreme, as in this case the three-magnon scattering channel is the dominant one. It is thus clear that for a quantitative interpretation of magnetic L-and M -edge RIXS data threemagnon scattering is indispensable. At the same time the presence of a substantial tri-magnon scattering amplitude
Introduction. Traditionally, inelastic neutron scattering is the technique of choice to measure the dispersion of elementary magnetic excitations in magnetic materials. Only very recently photon scattering became competitive in this respect, with Resonant Inelastic X-ray Scattering (RIXS)
1,2 getting energy-sensitive enough to observe magnon excitations [3] [4] [5] [6] [7] [8] -an experimental endeavor underpinned by theory [9] [10] [11] [12] [13] . RIXS is a photon in -photon out technique in which the energy of the incoming x-ray photon is tuned to an absorption edge of the material under study. By tuning to the copper L 3 -edge, for instance, the single-magnon dispersion in La 2 CuO 4 was recently mapped out and found to be in perfect agreement with the neutron scattering data 7 . At the Cu Kedge the RIXS process is indirect 14 and single-magnon scattering is forbidden. Instead, bi-magnon creation is allowed [9] [10] [11] and indeed observed 3 . In the latter case magnetic RIXS is thus complementary to optical Raman scattering, which also measures the bi-magnon, but at zero momentum transfer only 15 . Here we show that in addition to these rather familiar magnetic modes, RIXS also has the unique potential to examine properties of a virtually unexplored magnetic excitation that cannot be probed directly by any other technique: the tri-magnon. Tri-magnons are three-magnon states that have been identified as important and generic features of gapful, low-dimensional quantum spin systems 16 . Theoretically it has long been known that three reversed spins can form a tri-magnon boundstate [17] [18] [19] , but the spectroscopic means to directly create and probe such an excitation has been lacking so far. We find that in RIXS the tri-magnon scattering amplitude is not small, even if it requires three electrons to simultaneously flip their spin. At the Cu L-edge the three-magnon intensity is generally larger than the bimagnon one and at low transferred momentum q we find that it is even larger than single-magnon intensity. At the copper M -edge the situation is yet more extreme, as in this case the three-magnon scattering channel is the dominant one. It is thus clear that for a quantitative interpretation of magnetic L-and M -edge RIXS data threemagnon scattering is indispensable. At the same time the presence of a substantial tri-magnon scattering amplitude illustrates that RIXS has an unprecedented potential to measure properties of interesting multi-particle states in strongly correlated magnets.
RIXS cross section. In RIXS 2 an x-ray excites an electron from a core orbital to an empty state above the Fermi level. Rapidly the high-energy core-hole decays again. In this process the electron filling the core-hole emits an x-ray photon, which is then detected. In the short-lived intermediate state the motion of the valence electrons is affected by the presence of the core-hole potential. In case of indirect RIXS the perturbing core-hole interaction drives the creation of elementary excitations in the solid. Direct RIXS has a different scattering mechanism: in that case the excited and de-excited electron simply involve different quantum states. The energy and momentum necessary to make excitations are lost by the scattered x-ray photons. By observing the energy loss ω and momentum loss q of the outgoing photons, one can thus determine the dispersion of the excited mode.
The scattering amplitude A f i that takes an initial state |i into a final state |f is given by the KramersHeisenberg equation: A f i = n f |D |n n|D |i /(E i − E n + iΓ). The absorption of the incident photon and the emission of the outgoing photon are governed by the dipole operatorD ∝ A · p, with A the vector potential and p the momentum of the electron. The sum is over all intermediate states |n with energies E n and inverse lifetime Γ. In RIXS experiments, the energy of the photon E i is tuned to a resonant edge: E i matches a set of E n , which greatly enhances the scattering amplitude.
In general the evaluation of the Kramers-Heisenberg equation is a complex problem because of the nature of the intermediate states. In many cases, however, the intermediate states are very short-lived, and one can employ the lifetime /Γ as a small parameter. This approach is formalized in the Ultra-short Core-hole Lifetime (UCL) expansion. 14, 20, 21 The Kramers-Heisenberg relation is expanded in H/Γ, where H is the Hamiltonian of the system including the core-hole. The result is effort to measure magnetic excitations with RIXS is focussed on compounds in the copper-oxide family [3] [4] [5] [6] [7] . To understand how three-magnon scattering comes about in these materials, we first briefly summarize the single-and bi-magnon scattering mechanism. Bi-magnon scattering at the Cu K-edge RIXS starts with an electronic 1s → 4p transition, with an energy of around 8990 eV. In the intermediate state bi-magnon excitations are created dynamically because the 1s core-hole locally modifies the superexchange bonds [9] [10] [11] . Single-magnon excitations are forbidden because the total spin is conserved in the scattering processes. For undoped cuprates the magnetic Heisenberg Hamiltonian in the presence of a core-hole is
where we restrict ourselves for simplicity to nearest neighbor exchange between spins S i at sites i, δ denotes the neighbors and h † i is the core-hole creation operator. The first term is the spin 1/2 Heisenberg model with exchange interaction J and the second term corresponds to the perturbation of the magnetic bond strength due to the presence of a core-hole. In first order of the UCL expansion one immediately obtains the two-magnon scattering amplitude A
,where R i is the position of the copper ion absorbing the incoming photon and q the transferred momentum. It is important to note that in the limit q → 0 selection rules 11 are such that the bi-magnon intensity rapidly vanishes ∝ q 4 . In contrast, single-magnon scattering is allowed at the copper L-and M -edges 12 , where the initial photoexcitation is 2p → 3d (L-edge, around 930 eV) and 3p → 3d (M -edge, around 75 eV). The reason is that the spin of the p core-hole is not conserved in the intermediate states: it can flip via the spin-orbit coupling. The probability for spin-flip and non-flip are comparable since the core-hole spin-orbit coupling is very large, ∼ 20 eV at the L-edge. Therefore, when the core-hole is annihilated, a single-magnon can be created in the final state 12, 13 . The spin-flip amplitude for a single copper ion is G( , ) ≈ mj f |D |m j m j |D |i where m j labels either the j = 1/2 or j = 3/2 spin-orbit split intermediate states, depending on whether the L 2 -or L 3 -edge is used, respectively. G( , ) depends on the polarization vectors and of the incoming and outgoing photons respectively. The resulting single-magnon scattering amplitude is A (1)
|i . In the q → 0 limit, not only the single-magnon energy vanishes, but also its spectral weight. Note that in addition to single-magnon scattering, at the L-and M -edges also bi-magnon scattering is allowed 4 because the intermediate state configuration is 3d 10 and this singlet state completely blocks any superexchange: J = J in Eq. (1). But just as at the K-edge for q → 0 the bi-magnon intensity vanishes in leading order of the UCL also at the M -and L-edges. Consequently at the Cu M -edge single-and bimagnon scattering have negligible intensities: due to the low photon energy at the M -edge the transferred momentum |q| is restricted to the center 10% of the Brillouin zone of a typical cuprate. In second order of the UCL 11 a finite bi-magnon scattering amplitude appears at the M -edge, but as at this edge typically 22,23 J/Γ ≈ 0.1, this channel is very weak too.
Three-magnon scattering mechanism. Single-and bimagnon excitations can be created independently of each other, but in principle they can also be combined. Such a flipped spin in the vicinity of a bi-magnon excitation can form a tri-magnon bound state. We will show that the RIXS selection rule that forbids single-and bi-magnon scattering at q = 0 does not apply for three-magnon scattering. Therefore three-magnon scattering becomes, in terms of the UCL expansion, a first order scattering channel. Consequently three-spin modes give a large contribution to the magnetic RIXS spectra of the high-T c cuprates at the M -and L-edges for small transferred momenta.
The three-magnon excitation mechanism is very local and a direct combination of the single-magnon and a bi-magnon creation mechanism outlined above. It is caused by the 3d 10 intermediate state being screened by a bi-magnon excitation and then decaying via the spinflip channel, which produces the third magnon. Via the spin-flip decay channel this process contributes to the first order of the UCL expansion, with an amplitude A (3)
Using the Hamiltonian in Eq. (1) and integrating out the corehole degree of freedom yields the three-magnon scattering amplitude
This scattering operator can be written in terms of 
The cross section at zero temperature is obtained by summing over all final states with three magnons:
where ω f i is the energy of the three-magnon final state f . We rewrite this as I ∝
, where χ 3 (q, ω) is the three-magnon response function.
Three-magnon spectral shape. Fig. 1 shows the threemagnon response function χ 3 (q, ω) evaluated without magnon-magnon interactions. The three-magnon spectral weight is strongly peaked around ω = 5.2J and at q = 0. The reason for this is two-fold. First, the threemagnon DOS, which is a convolution of many combinations of three magnon states whose total momentum adds up to q, peaks close to its maximum energy of 3 × 2J. It is in addition remarkable that the three-magnon response shows a strong q dependence, whereas the three-magnon DOS is quite featureless as the convolution tends to average out dispersions. The strong q dependence is caused by the RIXS scattering matrix elements. Whereas these same matrix elements forbid at q = 0 single-and bimagnon scattering in first order, they act in the opposite way for three-magnon scattering, strongly enhancing its spectral weight at q = 0.
A proper computation of for instance the tri-magnon boundstate in a two-dimensional antiferromagnet would require on top of this calculation the inclusion of threespin magnon-magnon scattering [17] [18] [19] , which is beyond our present scope. Considering magnon-magnon interactions in general terms, however, one expects these to reduce the three-magnon excitation energy, in analogy to two-magnon Raman scattering 10, 28, 29 . The range of this energy reduction can be estimated by considering a Néel state of Ising spins: if three flipped spins form a string, the energy cost for such an excitation is 4J, whereas one isolated spin-flip and two neighboring flipped spins cost 5J, three isolated ones 6J. Kinetics of course opposes three-magnon binding but in any case one expects a redshift of tri-magnon spectral weight up to 2J.
Three-magnon polarization dependence. To unambiguously identify three-magnon spectral features in cuprates, knowledge of their theoretical polarization and scattering angle dependence is paramount. In evaluating the polarization factor G( , ), one is aided by the fact that in cuprates the magnetic moments are oriented in the CuO 2 planes [24] [25] [26] . Writing G( , ) = * i G ij j in Euclidian coordinates, the polarization factor for the Cu L 2,3 -and M 2,3 -edges simplifies to
If in an experiment the particular polarization of the outgoing photon is not detected, the cross section is summed over the two outgoing polarizations . When the [0, π]-direction (in the CuO 2 plane) is perpendicular to the scattering plane, and the incoming photons are π-polarized, one obtains 12 G( , ) 2 ∝ cos 2 φ, where φ is the angle of the incident beam with the normal to the CuO 2 planes. This holds for all scattering angles 2θ.
For the M -edge, changing the polarization vectors hardly affects q and therefore the spectral line shape is independent of the experimental geometry. It only affects the overall intensity, through G( , )
2 . The Cu L-edge has a much higher energy: there is enough momentum available to probe approximately the entire BZ. Fig. 2 shows the three-magnon RIXS spectra for the case that the [0, π]-direction is perpendicular to the scattering plane with scattering angles 2θ = 90
• and 130
• respectively. The asymmetry between +q and −q comes from the cos 2 φ polarization factor. Comparing one-, two-and three-magnon spectral weights. Because both excitations have the same polarization factor, the ratio of three-magnon to singlemagnon weight is independent of the polarization factor G( , ) within the UCL expansion. The RIXS intensity ratio is thus proportional to the ratio of the energy-integrated response functions of the two excitations, where the single-magnon response is given by
The numerical factor ensures the sum rule (1/N ) q dω χ 1 (q, ω) = 1 is obeyed, a physical property of the Heisenberg model that needs to be enforced within linear spin wave theory. The ratio of the RIXS single-magnon to the three-magnon spectral weight is equal to (Γ/J) 2 W 1 (q)/W 3 (q), where W i (q) = dω χ i (q, ω). For typical cuprates at the Cu M -edge J/Γ ≈ 0.1 and at the L-edge 30 ≈ 0.2−0.4. Fig. 3 shows the W i (q) of single-, two-and three-magnon excitations. W 3 (q) decreases by 8% from (0, 0) to (π, 0), and by 30% from (0, 0) to (π, π). The bimagnon RIXS spectral weight scales with the polarization factor for nonflip scattering, 12 so a detailed comparison of it to the single-and three-magnon intensity involves the experimental geometry of choice. In any case we can conclude from Fig. 3 that at q = 0 and in a significant portion of the BZ around it the three-magnon spectral weight dominates over the other ones.
Conclusions. We have theoretically demonstrated the importance of the three-magnon scattering channel in RIXS at the Cu L-and M -edge of the high-T c cuprates. For small transferred momenta, q → 0, three-magnon scattering dominates the magnetic RIXS spectrum. This scattering channel gives direct access to the dispersion of for instance tri-magnon boundstates in gapped lowdimensional quantum magnets. Experimentally there is evidence for tri-magnon spectral weight in Cu M -edge RIXS data 6 on CaCuO 2 showing a single peak feature at an energy loss of 450 meV, consistent with our theory. This consistency can further be tested by measuring the polarization dependence and compare it to the theoretical one presented here. Also in very recent 31 Cu L-edge data on La 2 CuO 4 the three-magnon feature appears to be present around 400 meV for q = 0. These results illustrate that RIXS has an unprecedented capacity to probe multi-spin responses in strongly correlated magnets -both in principle and in practice.
